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0. INTRODUCTION AND NOTATION 
This paper is a study of a generalized convexity structure on topological 
spaces. We introduce the concept of singular face structure on a topological 
space and it is proved in Section 1 that any such structure dominates a 
singular simplex of the same dimension, in a sense made clear by the 
statement of Theorem 1. From Theorem 1, generalizations of the classical 
theorems of Knaster-Kuratowski-Mazurkiewicz [ 191, Berge-Klee 18, IS], 
Alexandroff-Pasynkoff [ 1 ] are obtained. 
Next, c-spaces are introduced as generalizations of convex sets. Similar 
structures have been recently considered by Bardaro and Ceppitelli [2]. 
Generalized convexities are usually associated with some kind of algebraic 
closure operator on the lattice of subsets or, which is equivalent, with a 
family of subsets stable by arbitrary intersection, we require only that our 
operator, the generalized convex hull, be defined on finite subsets and that 
it should be isotone, for example the generalized convex hull of a finite set 
A does not have to contain A, and we require one more topological 
property, contractibility. 
In this framework we extend results of Ben El-Mechajiekh, Deguire, and 
Granas [S, 61 on fixed point and coincidence for multivalued maps, these 
results being themselves generalizations of well known theorems of Ky Fan. 
Less general than c-spaces are Q-spaces and l.c.-spaces, abstract 
Schauder’s fixed point theorems for these spaces are presented in Section 4. 
Michael’s selection theorem for 1s.~. multivalued maps is extended to 
complete metric l.c.-spaces. 
In the last section the previous results are used to obtain new forms of 
the minimax inequality of Ky Fan [ 131. Proposition 3 of Section 5 is an 
extension to compact c-spaces of Ky Fan’s [ 121 generalization of 
Tychonoff’s fixed point theorem. 
The following notation will be used: If NE N then (N) is the family of 
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non empty subsets of (0, . . . . N j, & = CO{r,, . . . . e,,,} is the standard 
simplex of dimension N, where {e,,, . . . . e c i is the canonical basis of RN’ ’ 
and for JE (N) d,=CO{r;: ie:J). 
For an arbitrary set Y, ( Y) is the family of non empty finite subsets of 
Y. A map T: X -+ Y will always mean a multivalued map, Tx c Y, otherwise 
we will say a function f: X + Y, ,f(x) E Y. We will use the following 
property of contractible spaces: if X is a contractible topological space then 
any continuous function f: aA, -+ X is the restriction to aA, (the boundary 
of AN), of a continuous function g: A, + X, for any NE N. We will also 
have to use the following form of the non retraction theorem, equivalent to 
Brouwer’s fixed point theorem: If g: A, + AN is a continuous function such 
that VJE (N), g(A,) c_ A, then g is surjective. 
1. ON THE FINITE INTERSECTION PROPERTY 
DEFINITION 1. Let X be a topological space, an N dimensional singular 
face structure on X is a map F: (N) -+ X such that: 
(i) VJE (N), F(J) is not empty and contractible 
(ii) VJ, J’ E (N), JE J’ implies F(J) E F(J’). 
THEOREM 1. Let X be a topoiogica( space and F: (N) -+ X a singular 
face structure on X. Then there exists a continuous function f: A, + X such 
that VJE (N), f(A,)G F(J). 
Proof. For each singleton {i} choose a point X~E F( {i}), then 
f”: A% -+ X defined by f’(e,) = xi is a continuous function on the 
O-skeleton A”, of A,. Now assume that a continuous function f”: A”, -+ X 
on the k-skeleton of A, has been constructed in such a way that 
fk(A,)&F(J) if card J<k+ 1. 
Now let A, be a face of dimension k + 1 of A, and for each ic J let 
Ji=J\{i}. The boundary of A,, UiGJ AJ, is contained in the k-skeleton of 
A, and 
f”(aA,) c u fk(A.,,) G u F(Ji) s F(J), 
ISJ raf 
F(J) being contractible f” can be extended to a continuous function 
f;“: A,+F(J). 
If A, and A,, are two k + 1 dimensional faces of A, with non empty 
intersection then on A, n A,., f :’ ’ and f 5;’ ’ coincide with the continuous 
function fk, by gluing the functions f 5’ ’ together one obtains a 
continuous function f k + ’ : AkN+ ’ -+ X having the desired property. Q.E.D. 
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PROPOSITION 1. Let X be a topological space, F: (N) + X a singular 
face structure on X and {Mi: i = 0, . . . . N} a family of closed subsets of X 
such that VJE(N), F(J)sUiCJMi, then ~~~Y=oMi#~. 
Proof Let f: A, -+ X be a continuous function such that VJE (N), 
f(A,)c F(J), (fel(Mi): i=O, . . . . N} is a family of closed subsets of A such 
that VJE (N), A,c UiGJ f -‘(Mi), by the KKM lemma fly=“=, f -'(hIi) is 
not empty, consequently n y= 0 Mi is not empty. Q.E.D. 
COROLLARY 1. Let X be a contractible topological space, 
{M;: i=O, . . . . N} a closed covering of X and {F,: i = 0, . . . . N} a family of 
contractible subspaces of X such that: 
(a) Vie (0, . . . . N}, FinMi=O 
(b) VJE (N) with card J< N, nicJ F, is not empty and contractible. 
Then n;“=, Mi# 0. 
Proof: If JE (N) and card 56 N let F(J)= nigJ Fi and for 
J= (0, . . . . N} let F(J) = X, then F: (N) + X is a singular face structure on 
X and VJe(N), F(J)suitJMj since F(J)cU~~~M~UU,~~M, and 
F(J)nMi=@ if i$J. Q.E.D. 
PROPOSITION 2. Let X be a normal contractible topological space, 
(M, : i = 0, . . . . N} a closed covering of X and (F,: i = 0, . . . . N} a family of 
contractible subspaces of X such that: 
(a) ViE (0, . . . . N), FicMi 
(b) VJE (N) with card Jd N, niGJ F, is not empty and contractible. 
Proof: Define a singular face structure F: (N) + X on X as in the 
proof of Corollary 1 and let f: A N + X be a function such hat f(A,) E F(J) 
for JE (N). 
If fly=“=, Mi = 0 then {aMi: i = 0, . . . . N} is an open covering of X, X 
being normal one can construct a partition of unity tii: X -+ [0, 11, 
i = 0, . . . . N subordinated to the covering, let $: X + A,., be the continuous 
function xti ($0(x), . . . . $N(~)) and let 8 = $ of; A,,, -+ A,. 
IfpEAJthenf(p)EF(J)=ni,,Fi~nieJMiandtherefore~;(f(p))=O 
if i#J, $(f(p))~A,. B:A,+A,,, is a continuous function such that 
VJE (N), 8(A,) E A,, it is therefore surjective, choose p,,~ A, such that 
O(P0) 4 aA,> then tii( f(p,,)) > 0 for each i E (0, . . . . N} but this implies 
f( pO) E n r= 0 (X’@4,) = ;r\U r= 0 M, = 0 which is obviously impossible. 
Q.E.D. 
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COROLLARV 2. Let X be a normal topological spuce und { F, : i = 0, _.,. N ) 
a .family of‘ non empty’ closed contructihle subspaces of‘ X. 
I f  ~JE <N)> ‘Jst~ F, is contractible and n,,,, F, is empty or contractible 
then (7;“=0 Fi# 0. 
Proof We will establish by induction on card J that ljlEJ F; # 0. If 
card J= 1 then the intersection is not empty by hypothesis. 
If card J=k+ 1 let XJ=lJIEJ F,, it is a closed contractible subspace of 
X, { Fj: i E J} is a closed contractible covering of X, such that n ie,,, F, # 0 
if J’ 5 J, now apply Proposition 2 to conclude that nlcJ F, # 0. Q.E.D. 
Proposition 1 is clear generalization of the KKM lemma. For X= A, and 
F, = CO{ e,: j # i} Proposition 2 is a theorem of Alexandroff-Pasynkoff 
[ 11. For X= A,, and F, = M, a closed convex subset Proposition 2 is a 
generalization of the following result due to Klee [IS] and known as Berge 
intersection theorem [8]. 
COROLLARY 3. Let V be a vector space and { Ci: i = 0, . . . . N} a family of 
convex subsets of V closed for the finite topology of V. Furthermore assume 
that: 
(a) ViE(O,...,N), n,,;C,#0 
(b) u y= 0 C, is convex. 
Then fi,“=, Cj# 0. 
Proof. For each i E { 0, . . . . N}choose.~,~~~~~C~,letX=CO{~,,...,x,} 
and F, = Mi = X n Cj and now apply Proposition 2. Q.E.D. 
From Corollary 2 we obtain the following result: 
COROLLARY 4. Let V be a normal topological vector space 
{C,: i=O, . . . . N} a family o non empty closed convex subspaces of V. Ii f
VJE (N), UitJ C, is contractible then n;“_, Ci# 0. 
2. CONVEXITY STRUCTURES ON TOPOLOGICAL SPACES 
We introduce in this section the various geometric structures which will 
generalize the classical notions of convexity and locally convex topological 
vector space. 
DEFINITION 1. Let Y be a topological space, a c-structure on Y is given 
by a mapping F: (Y) -+ Y such that: 
(a) VA E ( Y), F(A) is not empty and contractible 
(b) VA, BE (Y), A s B implies F(A) c F(B). 
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( Y, F) is then called a c-space and 2 E Y is called an F-set if VA E (Z), 
F(A)GZ. 
DEFINITION 2. Let ( Y, F) be a c-space, it is an l.c.-space if Y is a 
uniform topological space and if there exists a basis ( V,)is, for the uniform 
structure such that V’~E I, { y E Y: En V,(y) # 0) is an F-set whenever 
E c Y is an F-set. 
Remark. V,(y)= {y% Y: (y, y‘)~ VI>. 
DEFINITION 3. Let (Y, F) be a c-space, it is an l.c. metric space if (Y, d) 
is a metric space such that V’E > 0, { y E Y: d(y, E) < E} is an F-set whenever 
ES Y is an F-set, and open balls are F-sets. 
Remarks and Examples 
(1) If V is a vector space A H CO(A) is a closure operator, (in 
the algebraic sense), A E CO(A), A &B implies CO(A) zCO(B) and 
CO(CO(A))= CO(A), the family of convex subsets of V is therefore a 
complete lattice, the fixed point set of the operator A H CO(A), we require 
much less from a c-structure, the operator F does not have to be expansive 
or idempotent. 
In a vector space V the convex hull of an arbitrary subset is well defined 
whereas in a c-space F(A) is given only for finite non empty subsets A. 
Obviously a c-space can have an arbitrary topological structure, we will see 
that it is far from being the case for an l.c. complete metric space. 
(2) EXAMPLES. (a) Let Y be a topological space and CX: [0, l] x 
Y x Y-P Y a function such that 
V(x, y)e yx y, a(0, x, y) = a( 1, I’, x) = x. 
A c Y is an a-set if c1( [0, l] x A x A) c A, let F(A) = n {B: A c B, B is 
an u-set}. (Y, F) will be a c-space if for any A E ( Y) one can find a, E F(A) 
such that (t, x) H a( t, x, ao) is continuous on [0, 1 ] x F(A). Any contractible 
semigroup (G, .) with unit e can be given a c-space structure: let 
0: [0, l] x G -+ G be a continuous function such that VgE G, O( 1, g) = g 
and 13(0, g) = e and let a(?, g,, g2) = 0( 1 - t, gl). 19(t, g2). 
(b) Let C be a convex set in a topological vector space, Y a topological 
space and f: C + Y a continuous bijection. If A E ( Y) then CO[f - ‘(A)] 
is a compact subset of C; therefore f: CO[f -‘(A)] -+ f(CO[f -‘(A)]) is 
an homeomorphism, let F(A)=f(CO[f-‘(A)]). Y could be a torus, the 
Mobius band or the Klein bottle. This example shows that a c-space does 
not have to be contractible. 
346 CHARLESD.HORVATH 
(c) Let (E, lI.Il) be an infinite dimensional normed space and 
p: E+ R + a positive function. For A E (E) let f‘( A ) = @O, max,,, il p(u))‘i 
40, minotA da)), where B(0, r) = (X E E: ljxli 6 r> and B(0, r) = 
{X E E: llxli <r). F(A) is an absolute retract and is therefore contractible 
Clll. 
(d) Let V be a vector space, Y a subset of P’, C a convex set 
contained in Y and Y: Y + C a function, for A E ( Y) define F(A) = 
CO(v(u): a E A), F(A) will be contractible for any topology on Y inducing 
the linite topology on F(A). For an arbitrary function Y: Y -+ C, F will not 
be a closure operator. 
(e) Let (Y, < ) be a topological space with a lattice structure such 
that VJJ,, y, E Y the order interval [y, , y,] is empty or contractible. 
If A = {a,, . . . . a,,) let F(A)= [a, A ... A a,, at) v ... v a,]. 
(f) A metric space (Y, d) is strongly convex provided that for any 
two points y,, y, of Y there is only one point y0 E Y such that d(y,, y,) = 
4Yo9 Yd = MY1 > L(2). 
It can be shown that a compact connected strongly convex metric 
space has a natural c-space structure given by a continuous function 
ct:[O,l]xYxY+Y such that d(y,,a(t,y,,y,))=(l-t)d(y,,y,) and 
4Y2, NC Yl, Yd) = MY1 3 Yd 
(g) Let E be a Banach space, p be a non atomic probability measure 
on a measurable space X and let Y= L’(X; E) be the Banach space of 
p-integrable functions g: X + E. If {g,, . . . . g,,} c Y let F( { g,, . . . . g,}) = 
{X, xa,g,: ~%LL,, is a partition of X into p-measurable sets ). tf 
Y is separable, F( { g,, . . . . g,}) is a retract of Y [lo], and is therefore 
contractible. 
3. SELECTIONS 
From the general selection theorem proved in this section, well-known 
generalizations of results of Ky Fan, obtained by Ben El-Mechdiekh, 
Deguire, and Granas [S, 61, as well as Michael’s selection theorem will be 
extended to c-spaces. 
If X is a set, 9 a covering of X, and x a point of X let G(x;~)= 
{lJEa:xEU}. 
THEOREM 1. Let X be a paracompact topological space, W a locally 
,finite open covering of X, (Y, F) a c-space, and q: W + Y a function. 
Then there exists a continuous function g: X + Y such that Vx E X, 
g(x)EF({Il(U): uEdx;w}). 
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Proof Let M(9) be the nerve of the covering and l~V(a)j its 
geometric realization, if s is a simplex of ~JV(&?)I let s’ be the set of its 
vertices. 
Consider the following ordered set (Z, <) whose elements are pairs 
(Z.,, g), where L is a subcomplex of 1~+‘“(92)1 and g: L. --t Y is a continuous 
function such that g(.s)EF(q(S’)) for any simplex s of L. Z is not empty 
since for the zero skeleton IJ+‘“(B)~ ’ we can take an arbitrary function 
g: I&“(9)\’ -+ Y such that g(u) E F(q(u)) for any vertex U. (L, g) 6 (L’, g’) 
if L is a subcomplex of L’ and g’,, = g. 
If V= ((L,, g,): id} is a chain in (Z, 6 ) let L = Uic, L, and define 
g: t-, Y by g(x)= g,(x) if xeLi, then (L, g) is an element of (Z, <), by 
Kuratowski-Zorn lemma (Z, < ) has a maximal element (L, g) we will 
show that L= iM(W)]. 
If L # IA’“(22)l there is a smallest number k, such that the k-skeleton 
IM(92)lk is not contained in L, let k, be that value. k, > 0 otherwise we 
could choose a vertex u. of ~JV(~)I which does not belong to L and 
L u {uo} would be a subcomplex of IM(B)l and we could extend g to 
2: L u {u,} -+ Y by choosing g(uo) E F(q(u,)). 
There is a k, dimensional simplex s of lA’(52)l which is not contained in 
L, but its boundary ds, being contained in the k,- 1 skeleton of IN(W)\ 
is included in L, consider the restriction of g to as, the set of all the vertices 
of 8s is s’, if t is a face of 8s then g(t)zF(q(i’))cF(q(S)), therefore 
this last set being contractible g can be extended to 
g’ : s + F( q(s’)). 
Let z = L u S. It is a subcomplex of I&‘-(B)l since 8s G L. Define 
g:E+Y by glr.=g and g,,=g’, then (E, 2) belongs to Z, which 
contradicts the maximality of (L, g). 
We have established the existence of a continuous function 
f: I.M(S?)l + Y such that f(s) G F(r](s’)) for any simplex s of IJV(B)(. 
Now consider the continuous function 
x-5 IN-(.%?)I f y. 
Take x E Xand s = { Uo, . . . . U,} the minimal simplex of I.M(%‘)l containing 
cl/txh f(ll/(x))EF({?(UO)T . . . . r]t”k))). Since $u,(x)>o~ iuO? . ..? uk> c 
rr(x;.%?) and therefore f(t,b(x))eF({q(U): UEQ(X:$$)}). Q.E.D. 
Remark. Theorem 1 is true if X is only normal. 
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THEOREM 2. Let X he a paracompact topological space, ( Y, F) II c-spaw. 
S, T: X + Y two maps such that: 
(i) V.YEX, Sxc T.u 
(ii) V.~EX, VAE(SX), F(A)rTx 
(iii) X= u {int S ‘y: YE Y}. 
Then T has a continuous selection g: X + Y, .furthermore if X is compact 
there is a.finite subset Y, of Y such that g(X) G F( Y,,). 
Proof: Let 59 be a locally finite open covering finer than jint S ‘~3: 
y E Y], for each U E 9JJ choose q(U) E Y such that Us int S ‘q(U) and let 
g: X + Y be the continuous function given by Theorem 1. If x E U then 
q(U) E Sx therefore {q(U): U E 0(x; 9?)} c Sx and by (ii) g(x) E Tx. If X is 
compact ,G@ can be chosen finite and therefore F( {q(U): UE a(x; 9)) ) is 
contained in F( (q( U): U E 9j). Q.E.D. 
LEMMA 1. Let A’, Y be tw’o topological spaces, T: X + Y a 1.s.c. map, 
g: X + Y a continuous function, V: Y + Y an open graph map. 
Then x H TX A Vg(x) is a 1s.~. map. 
Proof: Let TC Yx Y be the graph of V and U c Y any open set then 
Un Txn Vg(x)#@ if and only if ((g(x)} x Tx)n(Tn(Yx U))#@. 
f n (Y x U) being open in Y x Y it is enough to see, that x H {g(x)} x TX 
is 1.s.c. from X to Y x Y. Q.E.D. 
We now establish the existence of approximate selections for I.s.c. maps. 
PROPOSITION 1. Let X be a paracompact topological space, ( Y, F) a l.c. 
space and T: X + Y a kc. map such that VXE X, TX is a non empty F-set. 
Then for any entourage V of the untform structure of Y there exists a 
continuous ,function g: X + Y such that Vx E X, TX n Vg(x) # 0. 
Proof: One can assume that V is open in Y x Y. 
For each XE X there is a y E Y such that TX n Vy # 0 (take y E TX), 
now define Sx= (ye Y: Txn Vy#@} it is a non empty F-set Sly= 
(xEX: Txn Vy#@} is open since Vy is open and T is 1.s.c. By Theorem 2, 
S: X -+ Y has a continuous selection. Q.E.D. 
Our next result is a generalization of Michael’s selection theorem. 
THEOREM 3. Let X be a paracompact topological space, (Y, F) a l.c. 
complete metric space and T: X + Y a 1.s.c. map such that Vx E X, TX is a 
non empty closed F-set. Then there is a continuous selection for T. 
Proof Let V,(y)= {y’~ Y:d(y, y’)< l/2”}. 
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From Proposition 1 we infer the existence of a continuous function 
f, : X-t Y such that Vx E X, TX n V, f,(x) # 0. Note that TX n V, fi(x) is 
an F-set and x H TX n V, fi (x) is 1.s.c. 
Now assume that T,,: X + Y has been defined and that a continuous 
function f,: X-+ Y has been found such that VXE A’, T,x n V,f,(x) is a 
non empty F-set and x t-t T,,x n V, f,(x) is I.s.c. 
Let T,,, x = T,,x n V,f,(-K). There is a continuous function f, + l : X + Y 
such that VXEX, T,+,xnV,,+, fn+ ,(x1 # 0. Since d(f,,+ 1b)y f,(x)) G 
112 ‘+’ + l/2” the sequence (f,(x)) is uniformly Cauchy. 
Take f(x) = lim,7 _ ~ fn(x), it is a continuous function and f(x)~ TX. 
Q.E.D. 
COROLLARY 1. Let X he a paracompact topological space, (Y, F) a l.c. 
complete metric space and U: Y + X a surjective open function. If, for each 
x E X, U-‘(x) is a closed F-set then there is a continuous function V: X -+ Y 
such that Uo V= 1,. 
Proof Let TX = Up’x it is a non empty closed F-set and T: X + Y is 
l.s.c., if I/: X--f Y is a continuous selection for T then U( V(x)) = x for any 
x E x. Q.E.D. 
4. INTERSECTION, COINCIDENCE, AND FIXED POINT 
This section contains generalizations of well known results of Ky Fan, 
we follow the generalizations presented by El-Mechdiekh, Deguire, Granas 
C5, 61. 
We begin with some notation and a rather amusing lemma. Let A : X -+ Y 
be a map between two sets and define the map A*: Y + X by 
A*y = X\A-‘y, obviously A **=A, x~A*y if and only if y$Ax and if 
B: X -+ Y is another map such that B s A then A* G B*. 
LEMMA 1. Let Y be an arbitrary set, CI : ( Y) -+ Y any map and A : Y -+ Y 
a map such that: 
0) VYG K YEAY 
(ii) Vyy~ Y, VJE (Y) if.Tz A*y then cry A*y. 
Then,for any .IE (Y), ME UFEJ Ay. 
Proof If u does not belong to u,,J Ay then JE A*u and therefore 
a(J) E A*u and since u does not belong to A* u it does not belong to cc(J) 
either. Q.E.D. 
$09 / 56 2-d 
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This elementary lemma can also be formulated as a purely set theoretical 
fixed point result. 
LEMMA 1’. Let Y be an arbitrary set, LX: ( Y) -+ Y any map and 
B: Y + Y a map such that: 
(i) Vy!z Y, VJE (Y) ifJ~ By then x(J)s By 
(ii) 3Jo~(Y)such thata(J,)nnl...B~‘y#IZI. 
Then there is a j E Y such that I, E By. 
Proof Let A = B* and apply Lemma 1. Q.E.D. 
THEOREM 1. Let ( Y, F) be a c-space, R, S: Y + Y two maps such that: 
(i ) Vy E Y, Ry is closed and y E Sy c Ry 
(ii) Vy E Y, S*y is an F-set 
(iii) 3y,~ Y, RyO is compact. 
Then n,, y RY + 0. 
Proof: By Lemma 1, F({y,, . . . . yN})~ Ur=“_, Sy, for any finite subset of 
Y and by Proposition 1 of Section 1 the family { Ry: ye Y} has the finite 
intersection property, Ry, being compact we conclude that n YE ,, Ry # 0. 
Q.E.D. 
By taking A = R* and B = S* we obtain at once the following fixed point 
theorem: 
THEOREM 2. Let (Y; F) he a c-space, A, B: Y--t Y two maps such that 
(i) VY’L’E Y, A-‘y is open, Ay#@ and AyzBy 
(ii) V~‘L’E Y, By is an F-set 
(iii) 3y, E Y, T\A-‘y,, is compact. 
Then there is j E Y such that j E Bj. 
THEOREM 3. Let X be a compact topological space, ( Y; F) a c-space, 
S, T: X -+ Y two maps such that: 
(i) VXEX, Sxs TX 
(ii) VxeX, VAE (Sx), F(A)E TX 
(iii) X= U {int S’y: yG YJ. 
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Then 
(a) For any continuous function 
g: Y + X there is y, E Y such thur y,, E Tg( y,). 
(b) rf R: X+ Y is any map such that R-‘: Y+ X has a continuous 
selection then there is x0 E X such that Rx, n TX, # a. 
Proof. From Theorem 2 of Section 3 we know that T has a continuous 
selection f: X + Y and from the proof of the selection theorem and the 
compactness of X.it can be seen that f can be factorized through a simplex: 
f X-Y 
i 
\/ 
‘p 
AN 
The continuous function A, -% Y& XL A,,, has a fixed point pO. 
Let Y, = vOo) then t4g(yo)) = PO and Y, = cp(ll/Myo))) =fMyoN~ 
Tg( y,). Furthermore if g : Y + X is a continuous selection of R-’ : Y -+ X 
then g( y,) E R ~ ’ y, and therefore Tg( y,) n Rg( yo) # @. Q.E.D. 
Recall that a map T: X + Y is compact if lJxeX TX is compact in Y. 
Next we introduce a class of spaces having the fixed point property for 
compact maps. 
DEFINITION 1. (a) Let X be a topological space and (Y; F) a c-space 
T: X+ Y is a @-map from X to Y if there is a map S: X + Y such that: 
(i) VXEX, SXE Tx 
(ii) VXEX, VAE (Sx), F(A)& TX 
(iii) X= U {int SP’y: yE Y>. 
(b) A c-space (Y; F) is a @-space if Y is a uniform topological space 
and for each entourage V there is a @-map T: Y + Y such that 
graph(T) G V. 
THEOREM 4. If (Y; F) is a Q-space then any compact continuous function 
g : Y + Y has a fixed point. 
Proof: Let V be any entourage of the uniform structure and T: Y + Y 
a @-map such that graph(T) G V, by Theorem 3 there is a point y, E Y 
such that (g( y,), y,) E V, therefore for any entourage V, g has a V-fixed 
point, from the compactness of g(Y) we conclude that g must have a fixed 
point. Q.E.D. 
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COROLLARY 1. [f ( Y; F) is u paracompuct Q-space then unJ compact 
O-map T: Y + Y has a fixed point. 
Proof: By Theorem 2 of Section 3 T has a continuous selection g: Y -+ Y. 
and g(Y) being contained in T(Y) g is compact and by the previous 
theorem it has a fixed point. Q.E.D. 
COROLLARY 2. Let (X, F,) and (Y, FY) he two c-spaces, R, T: X--+ Y 
two maps such that: 
(a) T and R ~ ’ are @-maps 
(b) (1) or (2) holds: 
(1) X or Y is compact 
(2) T is compact and ( Y, FY) is a paracompact Q-space or R - ’ is 
compact and (X, F,) is a paracompact Q-space. 
Then there is x0 E X such that Rx, n TX, # 0. 
Proof: (a) Assume X is compact, T has a continuous selection g : X + Y, 
the map R- ’ 0 g: X + X is a @map and X is compact, from Theorem 3 
R-’ 0 g has a fixed point -x0, therefore g(q) E Rx, n TX,. 
(b) Assume (X, F,) is a paracompact @-space and R-- ’ : Y + X is 
compact. 
T has a continuous selection g: X -+YandR-‘og:X-+Xisacompact 
@-map, by Corollary 1 R ~’ 0 g has a fixed point. Q.E.D. 
We now turn to metric spaces. 
PROPOSITION 1. Let (Y; F) be a complete metric l.c. space such that 
Vy E Y, F( { y } ) = { y }, X a paracompact space, A E X a closed subspace and 
f: A + Y a continuous.function. Then there is a continuous function g: X -+ Y 
such that gl A =f: 
Proof. Define TX = (g(x)} f i XEA and TX= Y if x$A, T:X-t Y is 
1,s.~. and for each x E X, TX is an F-set, let g be any continuous selection 
of T. Then glA=f: Q.E.D. 
COROLLARY 3. Any complete metric l.c. space (Y; F) such that 
F( { y } ) = { y } is an absolute retract. 
COROLLARY 4. Let (Y; F) be a complete metric l.c. space such that 
F( { y)) = {y] and ,f: Y + Y a continuous compact function. Then f has a 
fixed point. 
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COROLLARY 5. Let (Y; F) be a complete metric l.c. space such that 
F( { y)) = {y}. Then any compact I.s.c. map T: Y -+ Y whose values are 
closed non empty F-sets has a fixed point. 
Proof. Let f: Y --+ Y be a continuous selection of T, f is compact since 
T is compact, therefore f has a fixed point. Q.E.D. 
COROLLARY 6. Let X be a paracompact space ( Y; F) a complete metric 
l.c. space such that F( { y}) = {y} and T, S: X + Y two maps such that: 
(i) T is compact, 1.s.c. and its values are non empty closed F-sets. 
(ii) S’: Y-+X has a continuous selection. 
Then there is an x0 E X such that Sx, n TX, # @. 
Proof Let g: Y + X be a continuous selection of S ’ To g: Y + Y is 
I.s.c., compact and its values are non empty closed F-sets. Take y, E Y such 
that y. E Tdyo), then My,) n Myo) f Izr. Q.E.D. 
Let Y be a uniform topological space and {d,: A E A } a family of 
pseudometrics on Y defining the uniform structure. 
For ye Y, AGA, and E>O let T,(I.; y)={x~Y: d,(x, y)<~} and 
assume that nit, T,:,(ni; yi) is either empty or contractible for any families 
(,Ii:iEZjCA, {y,:iEZ}EY, and (8,: i~f) s R, and for any finite non 
empty subset A G Y let 
F(A) = n { T,(j,; y): A G T,(i; y)}, 
then (Y, F) becomes a @-space. EG Y is an F-set if for any subset 
{a,, . . . . a,,,} c E and any Z+! E th ere exists A E A and WE Y such that 
max dj, ( W, ai) < dj, ( W, X). 
O<i<Wl 
If Y is a locally convex topological vector space then F(A) as defined 
above is exactly the convex hull of A : if A = {a,, . . . . a,} c Y and 
.f$ CO(A) let f: Y--f R be a continuous linear map such that -f(ai) < 
r < -f(x), i = 0, .,., m, now choose y, E Y such that 0 <f( yo) -f(ai), 
i=O ,...,m, and let d(x,y)=lf(y)-f(x)\, E=f(yO)+r, then Ac(xtzY: 
d(x, yo)<&} and X#{xE Y: d(x, y,)<&}. 
In [21] Takahashi introduced the notion of convex metric space, (Y, d) 
is convex if there is a function c( : [0, 1 ] x Y x Y + Y such that ~(0, x, y) = 
cl(l, y,x)=x and 
d(dt, xl, x,1, Y) G (1 - t) d(x,, Y) + tdb,, y). 
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Fixed point theorems for these spaces have been obtained by Guay, 
Singh, and Whitfield [16] and Talman [22]. 
Assume that for any 9~ Y the function (x, 1) -+ cx(f, x, .f) is continuous 
on [0, 11 x Y and that the metric d only satisfies 
d(u(t, xl, x2), .Y) <max{d(x,, y), d(.u,, ,I.)) 
and define a c-structure on Y as in example (a) from Section 2. Then Y is 
a @-space since Ty = {x E Y: d(x, y) < E} defines a @-map. 
Furthermore if the metric d is complete and satisfies 
then Y becomes a complete metric l.c. space with F( { y ‘,) = ( y }, 
5. APPLICATIONS 
Using the previous results generalizations of Ky Fan’s minimax inequality 
and of von Neumann-Sian’s minimax equality are obtained. 
PROPOSITION 1. Let ( Y; F) be a c-space, f, g : Y x Y-i [w two jiunctions 
such that: 
(i) g<f 
(ii) Vye Y, XH g(x, y) is I.s.c. 
(iii) 3y,E Y, { x E Y: g(x, yO) ,< 0} is compact 
(iv) Vx E Y { y E Y: f(x, y) > 0} is an F-set. 
Then the ,following alternative holds: 
(a) 3.~~~ Y supyE y  g(x,, y)<O or 
(b) 3~0~ Yf(y,, Y,J>O. 
Proof Use Theorem 1 of Section 4 with 
Ry= {XE Y: g(x, y),<O} 
and 
sy= {XE Y:f(x, y)<O}. Q.E.D. 
PROPOSITION 2. Let (X, F,), ( Y, FY) be c-spaces with X compact and 
f: Xx Y -+ [w a function such that: 
(i) VyE Y, xH,f(x, y) is I.s.c. 
(ii) Vxe X, yH f(x, y) is u.s.c. 
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(iii) Vy E Y, Vi E R, {x E X: f(x, y) < A} is an F,-set 
(iv) VxeX, VAE~W, (ye Y:f(x, y)>Aj is an F+et. 
Then sup y inf,f(x, y) = inf, sup y f(x, y). 
ProoJ Let TX= {ye Y:S(x, y)>A} and Rx= {ye Y:f‘(x, y)<l}. Tx 
is an F,-set, T-‘y is open, Rx is open and R-‘y is an F,-set. For any 
x E X, Rx n Tx = 0, consequently, from Corollary 2 Section 4, either 
TX,=@ for some x,EXor R’.‘y,,=(21 for some yO~ Y. If TX,=@ then 
inf, sup Yf(x, y) Q I, if R ’ y, = $3 then sup y inf,f(x, ~1) > d. It is therefore 
impossible to have 
sup inf f(x, y) < & < inf sup f(x, y) for some &E R. Q.E.D. 
Y x x Y 
Our next result is a generalization of Ky Fan’s generalization of 
Tychonoff’s fixed point theorem [12]. 
DEFINITION 1. Let (T; F) be a c-space and f: Y x Y -+ R! a function. 
f belongs to the class KF( Y) if: 
(i) f is continuous 
(ii) Vxe Y, VEER, {ye Y:A<f(x, y)} is an F-set 
(iii) Vye Y, O<f(y, y). 
PROPOSITION 3. Let ( Y; F) be a compact c-spuce, if for any pair 
( yl, y2) E Y x Y with y, # y, there is a function f~ KF( Y) such that 
f( y, , yz) < 0 then Y has the fixed point property. 
Proof For A <O and f~ KF( Y) let T,(f)= {(x, y)~ Y x Y: i, <f(x, y)}, 
it is the graph of a @-map. If & < 0 and f, E KF( Y), i = 1, . . . . n, n;=, T,(f;) 
is also the graph of a @-map. 
There is on the compact space Y a unique uniform structure, let V be an 
entourage and (X, j) E Y x I”\ V, one can assume that V is open. There is a 
function f~ KF( Y) and a strictly negative number A such that A >f(x, j) 
therefore (X, j) does not belong to the closure of T,(f), the family 
((Yx Y)\T,t(f): A<03 feKF(Y)} covers the closed set (Y x Y)\V. By 
compactness one can find a finite family {f, , . . . . .f,,) in KF( Y) and strictly 
negative numbers 3,, , . . . . A,, such that (Y x Y)\Vz ( YX Y)\n:=, TA,(fi), 
and then 
the conclusion now follows from Theorem 4 Section 4. Q.E.D. 
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DEFINITION 2. Let ( Y; F) be a c-space. 
A continuous function ,f’: Y--f R is quasi-affine if for any i. E R ( J’ E Y: 
.f‘(.v)<E.j and i.1.~ Y: l->,f(~)) are F-sets. 
COROLLARY 1. Let ( Y; F) he a compact c-spuce. 
If the class of quasi-qffine ,functions .separates points of’ Y then Y has the 
fixed point property. 
Let Y be a topological space and F: ( Y) + Y the c-structure associated 
to a function x : [0, 11 x Y x Y -+ Y as in Example (a) Section 2. 
If f:Xx Y-+R is a function then for any I.ER and XEX, {ye Y: 
f(x,y)>Aj will be an F-set if for any yl, ,v2~ Y, infoslG, f(x, a(t,y,,y2))> 
min{ f(x, y,), f(x, y,)}. and a function ,j? Y --+ 58 will be quasi-a&e if for 
dny y,, JJ~E Y and any te [0, 11, 
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